
Semester Two Examinations, 2024 STAT3500

Question 3. (20 marks)

Barbour and Brown (1974) present a dataset on fish species counts in 70 different lakes around the
world. The surface area and latitude of each lake was recorded, along with the number Yi of fish
species identified in each lake. Scatterplots of the species count against latitude and log(area) are
given below:
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To model these data, a statistician considers the following Poisson regression model,

Yi|X i
ind∼ Poisson(µi = exp(X⊤

i β)) , i = 1, 2, . . . , n,

where the linear predictor is given by

X⊤
i β = β0 + β1 latitudei + β2 log(areai) .

(a) [1 mark] Briefly argue why it is sensible to use log(areai) in the linear predictor here instead of
areai directly.

(b) [2 marks] Show that the log-likelihood function for β is given by

l(β |X, Y ) =
n∑

i=1

{
Yi(X

⊤
i β)− exp(X⊤

i β)

}
+ constant .

(c) [2 marks] Derive the score function for β and show that it can be written in the form

S(β) =
n∑

i=1

Yi − µi(X
⊤
i β)

Var(Yi|X i)
µ′
i(X

⊤
i β)X i .

(d) [1 mark] Show that the score function S(β) is unbiased (i.e., it has expected value 0.)

(e) [2 marks] Verify that the variance of the score function is equal to the negative expectation of
the Hessian, i.e.,

Var(S(β)) = −E

[
∂S(β)

∂β

]
.

Page 5 of 9


